arXiv:1505.03625vl [math.GM] 14 May 2015 


Derivative of Map of Banach algebra 


Aleks Kleyn 


Aleks_Kleyn@MailAPS.org 

http://AleksKleyn.dyndns-home.com:4080/ 

http://sites.google.com/site/AleksKleyn/ 

http://arxiv.org/a/kleyn_a_l 

http://AleksKleyn.blogspot.com/ 


Abstract. Let A be Banach algebra over commutative ring D. The map 
f : A ^ A is called differentiable in the Gateaux sense, if 


f(x + a) - f{x) = df{x) o a + o(a) 


where the Gateaux derivative df{x) of map / is linear map of increment a and 
o is such continuous map that 


lim 

a—^0 


|o(a)| 


= 0 


Assuming that we defined the Gateaux derivative 9" ^ f{x) of order n — 1, 
we define 


9^ f(x) o (ai (g> ... 0 an) = 9(9" o (ai 0 ... 0 a„_i)) o 

the Gateaux derivative of order n of map /. Since the map f{x) has all 
derivatives, then the map f{x) has Taylor series expansion 

oo 

f(x) = ^(n!)-i9"/(xo)o(x-a;o)" 

n=0 
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CHAPTER 1 


Preface 


1.1. Preface 

The possibility of linear approximation of a map is at the heart of calculus 
and main constructions of calculus have their roots in linear algebra. Since the 
product in the field is commutative, then linear algebra over a field is relatively 
simple. When we explore algebra over commutative ring, we still see some familiar 
statements of linear algebra; however, we meet new statements, which change the 
landscape of linear algebra. 

Here I want to draw attention to the evolution of the concept of the derivative 
from the time of Newton. When we study functions of single variable, the derivative 
in selected point is a number 

dx^ = 2x dx 

When we study function of multiple variables, we realize that it is not enough to 
use number. The derivative becomes vector or gradient 

z = x'^ + y^ 

dz = 2x dx + dy 

When we study maps of vector spaces, this is a first time that we tell about deriv¬ 
ative as operator 


X = It sin w 


y = u cos V 


z = 


u 


dx = sin V du + u cos v dv dy = cos v du — u sin v dv dz = 1 du -\- Q dv 


However since this operator is linear, then we can represent derivative as matrix. 
Again we express a vector of increment of a map as product of a matrix of derivative 
(Jacobian matrix) over vector of increment of argument 




^sini; 

ucosv ^ 

dy 

= 

cosv 

—usinu 



[ 1 

0 J 



Since the algebra is a module over some commutative ring, there exist two ways 
to explore structures generated over the algebra. 

If the algebra is a free module, then we can choose a basis and consider all 
operations in coordinates relative a given basis. Although the basis can be arbitrary, 
we can choose the simplest basis in terms of algebraic operations. Beyond doubt, 
this approach has the advantage that we are working in commutative ring where 
all operations are well studied. 
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1. Preface 


Exploration of operations in algebra regardless of the chosen basis gives an 
opportunity to consider elements of algebra as independent objects. I considered 
the structure of linear map of algebra in the book [1]. In this book, I used this tool 
to study calculus over noncommutative algebra. 


1.2. Conventions 


Convention 1.2.1. I assume sum over index i in expression like 

di-QXdi.l 


□ 


Convention 1.2.2. Since the tensor a G has the expansion 

a = Qi-o ( 8 ) Qi-i 8 ... 8 Qi-n i € I 

then set of permutations a = {ai G S{n) : i G 1} and tensor a generate the map 

(a, a) 

defined by rule 

(a, Cr) O [bi, ..., bn) = (OnO ® a*-l ® ••• ® Oi-n, CTi) o (bi,bn) 

= ai.Q(7i(bi)ai.i,..0'^(bn)^i-n 

□ 

Convention 1.2.3. Let the tensor a G . When xi = ... = Xn = x, 

we assume 

ao x^ = ao (xi 8 ■.• 8 a;„) 

□ 


Convention 1.2.4. Element of Ll-algebra A is called A-number. For in¬ 
stance, complex number is also called C-number, and quaternion is called H-num¬ 
ber. □ 

Convention 1.2.5. Let A be associative D-algebra. The representation 

f 

A^ A —A f{p) : a —)• po a 
of D-module A® A is defined by the equation 
(1.2.1) {a®b)oc = acb 

and generates the set of linear maps. This representation generates product o in 
D-module A(^ A according to rule 

{p o q) o a = p o [qo a) 

□ 


CHAPTER 2 


Differentiable Maps 


In this chapter, we explore derivative and differential of the map into H-algebra. 
Complex field is the algebra over real field. In the calculus of functions of complex 
variable, we consider linear maps generated by the map 

Iq o z = z 

In this section, we also consider linear maps generated by the map 

Iq O Q, = Q, 


2.1. Topological Ring 

Definition 2.1.1. Ring D is called topological ring^-^ if D is topological 
space and the algebraic operations defined in D are eontinuous in the topological 
space D. □ 

According to definition, for arbitrary elements a, b G D and for arbitrary 
neighborhoods Wa-b of the element a — b, Wat of the element ab there exists neigh¬ 
borhoods Wa of the element a and Wb of the element b such that Wa — WbC Wa-b, 
WaWb C Wab. 

Definition 2.1.2. Norm on ring D is a map^''^ 

d£ D ^\d\ e R 

which satisfies the following axioms 

• |a| > 0 

• |a| = 0 if, and only if, a = Q 

• \ah\ = |a| \b\ 

• |a + < |a| -I- |6| 

Ring D, endowed with the structure defined by a given norm on D, is called 

normed ring. □ 

Invariant distance on additive group of ring D 

d{a, b) = \a — b\ 

defines topology of metric space, compatible with ring structure of D. 


Definition 2.1.3. Let D be normed ring. Element a € D is called limit of a 
sequence {a„} 


a = 


made definition according to definition from [4], chapter 4 

made definition according to definition from [2], IX, §3.2 and definition [6]-1.1.12, p. 23. 


7 



2. Differentiable Maps 


if for every e € R, e > 0, there exists positive integer no depending on e and such, 
that 

|a„ - a\ < e 

for every n > Uq- □ 


Theorem 2.1.4. Let D be normed ring of characteristic 0 and let d £ D. Let 
a £ D he limit of a seguence {a„}. Then 

lim (and) = ad 

n—^co 

lim {dan) = da 

n—¥oo 

Proof. Statement of the theorem is trivial, however I give this proof for com¬ 
pleteness sake. Since a £ D is limit of the sequence {a„}, then according to 
definition 2.1.3 for given e £ R, e > 0, there exists positive integer no such, that 

e 


- a < 


Ml 


for every n > no- According to definition 2.1.2 the statement of theorem follows 
from inequalities 

\and - ad\ = |(a„ - a)d\ = |a„ - a||d| < -^\d\ = e 

Ml 

\dan - da\ = |d(a„ - a)| = MIMn - a| < MItit = e 

Ml 


for any n > no- 


□ 


Definition 2.1.5. Let D he normed ring- The sequence {««}, an £ D is called 
fundamental or Cauchy sequence, if for every e £ R, e > 0 there exists positive 
integer no depending on e and such, that \ap — aq\ < e for every p, q > no- □ 

Definition 2.1.6. Normed ring D is called complete if any fundamental se¬ 
quence of elements of ring D converges, i-C- has limit in ring D- □ 


Later on, speaking about normed ring of characteristic 0, we will assume that 
homeomorphism of field of rational numbers Q into ring D is defined. 


Theorem 2.1.7. Complete ring D of characteristic 0 contains as subfield an 
isomorphic image of the field R of real numbers. R is customary to identify it with 


R. 


Proof. Consider fundamental sequence of rational numbers {pn}- Let p' be 
limit of this sequence in ring D. Let p be limit of this sequence in field R. Since 
immersion of field Q into division ring D is homeomorphism, then we may identify 
p' £ D and p £ R. □ 

Theorem 2.1.8. Let D be complete ring of characteristic 0 and let d £ D. 
Then any real number p £ R commute with d. 

Proof. Let us represent real number p £ R as fundamental sequence of ratio¬ 
nal numbers {pn}- Statement of theorem follows from chain of equations 

pd = lim {pnd) = lim {dpn) = dp 

n—¥cc) n—¥cci 

based on statement of theorem 2.1.4. □ 


2.2. Topological D-Algebra 
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2.2. Topological Z?-Algebra 

Definition 2.2.1. Given a topological commutative ring D and D-algebra A 
such that A has a topology compatible with the structure of the additive group of A 
and maps 

{a,v) G D X A ^ av G A 
{v,w) gAxA^vwgA 

are continuous, then V is called a topological D-algebra^'^. □ 

Definition 2.2.2. Norm on D-algebra A over normed commutative ring 
is a map 

a G A —y |fi| G R 

which satisfies the following axioms 

• |a| > 0 

• |a| = 0 if, and only if, a = 0 

• ja + ^1 < |a| + 1^1 

• \ab\ = |a| |5| 

• \da\ = |(i| |a|, d G D, a G A 

If D is a normed commutative ring, D-algebra A, endowed with the structure 
defined by a given norm on A, is called normed D-algebra. □ 

Definition 2.2.3. Let A be normed D-algebra. Element a G A is called limit 
of a sequence {an} 

a = lim a„ 

n—^oo 

if for every e G R, e > Q there exists positive integer uq depending on e and such, 
that |a„ — a\ < e for every n > uq. □ 

Definition 2.2.4. Let A be normed D-algebra. The sequence {an}, an G A, 
is called fundamental or Cauchy sequence, if for every e G R, e > 0, there 
exists positive integer uq depending on e and such, that \ap — aq\ < e for every p, 
q > no. □ 

Definition 2.2.5. Normed D-algebra A is called Banach D-algebra if any 
fundamental sequence of elements of algebra A converges, i.e. has limit in algebra 
A. □ 

Definition 2.2.6. Let A be Banach D-algebra. Set of elements a G A, |a| = 1, 
is called unit sphere in algebra A. □ 

Definition 2.2.7. A map 

/ : Ai —>■ A2 

of Banach Di-algebra Ai with norm |x|i into Banach D 2 -algebra A 2 with norm 
\y \2 is called continuous, if for every as small as we please e > 0 there exist such 
i5 > 0, that 

\x' — x\i < 5 

implies 

\f{x) - f{x )\2 < e 


made definition according to definition from [3], p. TVS I.l 
made definition according to definition from [2], IX, §3.3 
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2. Differentiable Maps 


□ 


Definition 2.2.8. Let 

f \ A\ ^ Ai 

be map of Banach Di-algehra Ai with norm |a;|i into Banach D 2 -algebra A 2 with 
norm \y\ 2 - Value 

(2.2.1) ll/il = 

mi 

is called norm of map /. □ 


Theorem 2.2.9. Let 

f '■ Ai ^ A 2 

be linear map of Banach Di-algebra Ai with norm |x|i into Banach D 2 -algebra A 2 
with norm \y\ 2 - Then 

(2.2.2) ll/ll = sup{\f{x )\2 : |a;|i = 1} 

Proof. From definitions [lJ-4.2.1, [lJ-6.1.1 and theorems 2.1.7, 2.1.8, it 
follows that 

(2.2.3) f{rx) = rf{x) r G R 

From the equation (2.2.3) and the definition 2.2.2 it follows that 

\f{rx)\2 |r| |/(a;)|2 \f{x)\2 


\rx\i 


\r\ \x\i 


\x\i 


Assuming r = -——, we get 
a; 1 


(2.2.4) 


\fix )\2 

\x\i 


f 


X 

|a;|i 


□ 


Equation (2.2.2) follows from equations (2.2.4) and (2.2.1). 

Theorem 2.2.10. Let 

f ■ Ai —>■ A2 

be linear map of Banach Di-algebra Ai with norm |a;|i into Banach D 2 -algebra A 2 
with norm \y\ 2 . Since ||/|| < 00 , then map f is continuous. 

Proof. Since map / is linear, then according to definition 2.2.8 

\f{x) - f{y)\2 = \ f{x - y)\2 < ll/ll Is - y\i 

Let us assume arbitrary e > 0. Assume 5 = Then 

\f{x)-f[y)\ 2 <\\f \\5 = e 

follows from inequality 

\x -y\i<6 

According to definition 2.2.7 map / is continuous. □ 
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2.3. The Derivative of Map in Algebra 

Definition 2.3.1. Let A be Banach D-algebra. The map 

f-.A^A 

is called differentiable in the Gateaux sense on the set U C A, if at every point 
X G U the increment of the map f can be represented as 

d f ( 

(2.3.1) fix + a) — fix) = df{x) o a + o(a) = —-—- o a + o(a) 

ax 

where the Gateaux derivative df{x) of map / is linear map of increment a 
and o A ^ A is such continuous map that 

\o{a)' 


lim 
a ->-0 | a | 


= 0 


□ 


Remark 2.3.2. According to definition 2.3.1 for given x, the Gateaux derivative 
df{x) G £(A;A). Therefore, the Gateaux derivative of map f is map 

df : A ^ C{A; A) 

d f (x^ 

Expressions df(x) and —-— are different notations for the same map. We will 


use notation 


dfjx) 

dx 


dx 

to underline that this is the Gateaux derivative with respect to 


variable x. □ 

Theorem 2.3.3. It is possible to represent the Gateaux derivative of map f 


as 


,2.5 


(2.3.3) 


Expression 


dfjx) 

dx 


o a = 


ds-ofix) ds.ifix) 


dx 


dx 


o a 


ds-ofix) d^.ifix) 


ds-pfjx) 
dx 


dx dx 

, p = 0, 1, is called component of the Gateaux derivative 


of map f{x). 

Proof. The theorem follows from the definitions 2.3.1 and from the theorem 
[l]-6.4.5. □ 

From definitions [lJ-4.2.1, [lJ-6.1.1 , 2.3.1 and the theorem 2.1.7 it follows 
(2.3.4) df{x) o [ra) = rdf{x) o a 

r G R r ^ 0 a G A a^O 


^■^^Formally, we have to write the differential of the map in the form 


(2.3.2) 


dfjx) 

dx 


dk-s-ofix) ^ dk-s-ifix) 


O O CL - 


dk-s-ofix) 

dx 


(Ik o a) 


dk-s-lf(x) 

dx 


dx dx 

However, for instance, in the theory of functions of complex variable we consider only linear maps 
generated by map Iq o z = z. Therefore, exploring derivatives, we also restrict ourselves to linear 
maps generated by the map /q. To write expressions in the general case is not difficult. 
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2. Differentiable Maps 


Combining equation (2.3.4) and definition 2.3.1, we get known definition of the 
Gateaux derivative 

(2.3.5) df{x)oa= lim {f{x + ta) — f{x))) 

4 —> 0 , teR 

Definitions of the Gateaux derivative (2.3.1) and (2.3.5) are equivalent. Using this 
equivalence we tell that map / is called differentiable in the Gateaux sense on the 
set U C D, if at every point x € U the increment of the map / can be represented 
as 


(2.3.6) 
where o\R 


f{x + ta) — f{x) = tdf{x) o a + o{t) 
A is such continuous map that 


lim tSl = 0 

t —^0 


1*1 


Since infinitesimal a in the equation (2.3.1) is differential dx, then equation 
(2.3.1) becomes definition of the Gateaux differential 


(2.3.7) 


dfjx) 

dx 


o dx = 


ds-ofix) ^ ds-ifix) 


dx 


dx 


o dx 


ds-of{x)^^ds.ifix) 


dx dx 

Theorem 2.3.4. Let A be Banach D-algebra. Let e be basis of algebra A over 
ring D. Standard representation of the Gateanx derivative of mapping 

f:A^A 

has form 

df{x) d^^f(x)_ 


(2.3.8) 


dx 


dx 


I Co 


f (x') 

Expression —-- in equation (2.3.8) is called standard component of the 

dx 

Gateaux derivative of mapping f. 


Proof. Statement of theorem folows from the statement [lJ-6.4.5.2. □ 

Theorem 2.3.5. Let A be Banach D-algebra. Lete be basis of algebra A over 
ring D. Then it is possible to represent the Gateaux derivative of map 

f-.D^D 


(2.3.9) 

where dx £ A has expansion 


dx dx^ ^ 


dx = dx^ Ci dx'' G D 

relative to basis e and Jacobian matrix of map f has form 

dp d^-fix) 


(2.3.10) 


dx' 


_ ir’P r<3 

dx 


Proof. Statement of theorem follows from the theorem [lJ-6.4.5. 


□ 
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Theorem 2.3.6. Let A be Banach D-algebra. Let /, g be differentiable maps 


f : A g : A^ A 

The map 

f + g ■. A ^ A 

is differentiable and the Gateaux derivative satisfies to relationship 

(2.3.11) d{f + g){x) = df{x)+ dg{x) 

Proof. According to the definition (2.3.5), 

dif + g)ix) o a = \im {t-\{f + g){x + ta) - (f + g)ix))) 

tefi 

= lim {t~^{f{x + ta)+g{x + ta)-f{x)-g{x))) 

tefi 

(2.3.12) = liin {t-\f{x + ta)-f{x))) 

tefi 

+ . J*~^i9ix + ta) - g{x))) 

t—^O, t^R 

= df{x) o o + dg{x) o a 

The equation (2.3.11) follows from the equation (2.3.12). □ 

Theorem 2.3.7. Let A be Banach D-algebra. Let 

h : Ax A^ A 

be continuous bilinear map. Let f, g be differentiable maps 


f : A^ A g ■. A^ A 

The map 

^(/i 5 ) ■ A ^ A 

is differentiable and the Gateaux differential satisfies to relationship 

(2.3.13) dh{f{x), g{x)) o dx = h{df{x) o dx,g{x)) + h{f{x),dg{x) o dx) 
Proof. Equation (2.3.13) follows from chain of equations 
dh{f{x),g{x))oa = \imjf~^{h{f{x + ta),g{x + ta)) - h{f{x),g{x)))) 

= |) 5 )(^”^(^(/( 2 ^ + ta),g{x + to)) - h{f{x),g{x + to)))) 
+ lim{t-^{h{fix),g{x + ta)) - h{f{x),g{x)))) 

t—yO 

= /i(limto^(/(x + to) - f{x)),g{x)) 

+ Hf{x), \iiRt~^{g{x + to) - g{x))) 

t-^o 

based on definition (2.3.5). 

Convention 2.3.8. Given bilinear map 

h : Ax A^ A 

we consider following maps 

hi : C{D- A-,A)xA^ C{D- A; A) 
h 2 -. Ax C{D- A] A) C{D; A; A) 


□ 
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2. Differentiable Maps 


defined by equation 

hi{f,v)ou = h{f ou,v) 
h 2 {u,f)ov = h{uj ov) 

We will use letter h to denote maps hi, h 2 . □ 

Theorem 2.3.9. Let A be Banach D-algebra. Let 

h : Ax A ^ A 

be continuous bilinear map. Let f, g be differentiable maps 

f : A^ A g : A^ A 

The map 

^(/i 5 ) ■ A ^ A 

is differentiable and the Gateaux derivative satisfies to relationship 
(2.3.14) dh{f{x),g{x)) = h{df{x), g{x)) + h{f{x), dg{x)) 

Proof. Equation (2.3.14) follows from the equation (2.3.13) and from the 
convention 2.3.8. □ 

Theorem 2.3.10. Let A be Banach D-algebra. Let f, g be differentiable maps 

f : A^ A g : A^ A 

The Gateaux derivative satisfies to relationship 


(2.3.15) 


(2.3.16) 


df{x)g{x) 


dx 


o dx = 


dfjx) 

dx 


o dx g[x) + f{x) 


dgjx) 

dx 


o dx 


a/(*)s(x) _ am agw, 


dx dx dx 

Proof. The theorem follows from theorems 2.3.7, 2.3.9 and the definition [1]- 

5.1.1. □ 


Theorem 2.3.11. Let A be Banach D-algebra. Let the Gateaux derivative of 

f-.AmA 

df{x) ds.ofix) ds.ifix) 


map 

have expansion 


dx dx ^ dx 

Let the Gateaux derivative of map 


have expansion 
(2.3.18) 


g-.AmA 

dg{x) dt.og{x) dt.ig{x) 


dx dx dx 

The Gateaux derivative of map f{x)g{x) have form 


(2.3.19) 


df{x)g{x) _ ds.of{x) fd^.ifix) 


dx 


dx 


dx 


-9{x) 


fix) 


dt.ogix) \ ^ dt.igix) 


dx 


dx 
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(2.3.20) 


ds-of{x)g{x) _ ds-ofix) 
dx dx 

ds-if{x)gix) ds-ifix) 


9{x) 


dt-ofix)g{x) .dt.ogix) 

— & — = 

dt-ifix)g{x) dt-igix) 


dx dx dx dx 

Proof. Let us substitute (2.3.17) and (2.3.18) into equation (2.3.16) 


(2.3.21) 


df{x)g{x) 

dx 


o a = 


oa g{x)+f{x) 


dfjx) 

dx 

ds-ofix) ds-ifix) 


dgjx) 

dx 


o a 


! \ ^ -ei \9t-ogix) dt-igix) 
9ix) + fix )—- a- 


dx 


dx 


dx dx 

Based (2.3.21), we define equations (2.3.20). □ 

Theorem 2.3.12. Let A be Banach D-algebra. Let /, g be differentiable maps 

f : A ^ A g : A^ A 

The Gateaux derivative satisfies to relationship 


(2.3.22) = 


dx 


dfjx) 

dx 


o dx ) (g) gix) + fix) 


dgjx) 

dx 


o dx 


(2.3.23) 


d fix)® gix) dfix) dgix) 

) yy / _ ^ g(^x) + fix) 


dx dx dx 

Proof. The theorem follows from the theorems 2.3.7, 2.3.9, [lJ-4.4.5 and the 
definition [lJ-5.1.1. □ 

Remark 2.3.13. Let 


(2.3.24) 


dfix) _ 
dx 

_ ds-ofix) 
dx 

(2.3.25) 


dgix) 

dx 

dt-o9ix) ^ 
dx 

Then 




(0 ‘A Ofi'l 

dfix)® gix) 

ds-ofix) 

ds-ifix) 


dx 

dx 

® dx 


dx 


dx 


■igix)+fix)< 


dt-ogjx) dt-igjx) 
dx dx 

We do not write brackets, because tensor product is associative and distributive over 
addition (theorems [lj-3.3.11, [If-S.f.S ). □ 

Theorem 2.3.14. Let A be Banach D-algebra. Lf the Gateaux derivative dfix) 
exists in point x and has finite norm, then map f is continuous at point x. 

Prooe. From definition 2.2.8 it follows 

(2.3.27) \dfix) o a| < ||9/(x)|| |a| 

From (2.3.1), (2.3.27) it follows 

(2.3.28) |/(x + a) - /(x)| < |a| ||9/(a:)|| 

Let us assume arbitrary e > 0. Assume 

a 

6 = 


Then from inequality 


mix)\\ 

|a| < S 
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2. Differentiable Maps 


it follows 

\f{x + a) - /(a;)| < \\df{x)\\ S = e 

According to definition 2.2.7 map / is continuous at point x. □ 

Theorem 2.3.15. Let A be Banach D-algebra. Let map 

f:A^A 

be differentiable in the Gateaux sense at point x. Then 

df{x) o 0 = 0 

Proof. The theorem follows from the definitions 2.3.1 and from the theorem 
[l]-4.2.5. □ 

Theorem 2.3.16. Let A be Banach D-algebra. Let map 

f:A^A 

be differentiable in the Gateaux sense at point x and norm of the Gateaux derivative 
of map f be finite 

(2.3.29) ||a/(a;)|| = T < oo 
Let map 

g-.A^A 

be differentiable in the Gateaux sense at point 

(2.3.30) y = fix) 

and norm of the Gateaux derivative of map g be finite 

(2.3.31) ||%(?/)|| = G < oo 
Map 

i9°f)ix) =gifix)) 

is differentiable in the Gateaux sense at point x 

dig o f){x) = dgiy) o dfix) 
dig o f)ix) o a = dgiy) o df ix) o a 


(2.3.32) 


(2.3.33) 


dst ojgo f)ix) ^ ds-ogifix)) dt.ofjx) 

3x 3fix^ 3x 

dst ijgo f)ix) _ dt-ifjx) d,.igifix)) 

dfix) 


dx dx 

Proof. According to definition 2.3.1 

(2.3.34) giy b) - giy) = dgiy) o 5 + oi (6) 
where oi : A —^ A is such continuous map that 

b-s-0 |0| 

According to definition 2.3.1 

(2.3.35) fix + a) — fix) = dfix) o a + 02 (a) 
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where 02 : A ^ A is such continuous map that 

hm = 0 

a—tO |(2| 

According to (2.3.35) increment a of value x & A leads to increment 

(2.3.36) b = df{x) o a + 02 (a) 

of value y. Using (2.3.30), (2.3.36) in equation (2.3.34), we get 

g(f(x + a)) - g{f{x)) 

(2.3.37) =g(f(x) + df(x) o a + 02 (a)) - g(f(x)) 

= dgifix)) o (df(x) o a + 02 (a)) - oi{df(x) oa + 02 (a)) 
According to definitions 2.3.1, [lJ-4.2.1, [lJ-6.1.1 , from equation (2.3.37) it follows 

(2.3.38) !>(/(- + <.))-!)(/(==)) 

= dgifix)) o df(x) o a + dg(f(x)) o 02 (a) - oi(df(x) oa + 02 (a)) 

According to definition 2.2.2 

\dg(f(x)) o 02 (a) - oi(df(x) oa + 02 (a))\ 

(2.3.39) 

< lim ^ _____ 

I I a—tO 

From (2.3.31) it follows that 

(2.3.40) 


\dg(f(x)) o 02 (a)\ \oi(df(x)oa + 02 (a))\ 

a —>0 Ia| a^O |a| 


„„ < G lim = 0 

o-s-o a a-s-o a 


From (2.3.29) it follows that 


lim 

G—^0 


\oi(df(x) oa + 02 ( 0 ))! 


_ \oi(df(x)oa + 02 (a))\ |5/(a;) o a + 02 (a)| 

“a™ \df(x)oa + 02 (a)\ a™ |a| 

< |oi('9/(a:) oa + 02 (a))| .. \\df(x)\\\a\ + |o 2 (a)| 

-a^o \df(x)oa + 02 (a )\2 a^o |a| 

= to i°;f,(M°° + °;<°»i ||3j(.)ii 

a^o |9/(a;) o a + 02 (a)| 

According to the theorem 2.3.15 

lim(9/(a:) o a) + 02 (a)) = 0 

a—^■O 

Therefore, 

(2.3.41) to l°.(a/Wo° + °2(.))l^„ 

a^o |a| 

From equations (2.3.39), (2.3.40), (2.3.41) it follows 

(2 3 42) lim l^g(/(^)) ° 02 (a) - oi(^/(a:) ° Q + 02 (a))| ^ ^ 

Q^o lal 
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2. Differentiable Maps 


According to definition 2.3.1 

(2.3.43) {g o f){x + a) - {g o f){x) = d{g o f){x) o a + o(a) 

where o : A —^ A is such continuous map that 

lini ^ = 0 

a ->-0 | a | 

Equation (2.3.32) follows from (2.3.38), (2.3.42), (2.3.43). 

From equation (2.3.32) and theorem 2.3.3 it follows that 

dst-o{g o /)(a:) ^ ^st-i{g o f)ix) 


(2.3.44) 


dx 

ds-og{f{x)) 


{df{x) o a) 


dfix) 

^ ds ogifjx)) dt.ofjx) 
df{x) dx 
(2.3.33) follow from equation (2.3.44). 


dx 

ds-i9{f{x)) 

dfix) 

dt-ifix) ds-igifix)) 


dx 


dfix) 










CHAPTER 3 


Derivative of Second Order of Map of D-Algebra 


3.1. Derivative of Second Order of Map of D-Algebra 


Let D be the complete commutative ring of characteristic 0. Let A be associa¬ 
tive D-algebra. Let 

f : A ^ A 

function differentiable in the Gateaux sense. According to remark 2.3.2 the Gateaux 
derivative is map 

df : A ^ C{A; A) 

According to the theorem [lJ-6.2.5 and the definition 2.2.8, set C{A\ A) is Banach 
Z?-algebra. Therefore, we may consider the question, if map df is differentiable in 
the Gateaux sense. 

According to definition 2.3.1 


(3.1.1) {df o (a: -I- 02 )) o m - {df o x) o ai = d{df{x) o ax) o 02 -|- 02 ( 02 ) 


where 02 : A —)• £(A; A) 


is such continuous map, that 


lim 
02—>-0 


Il«2(a2)|| 

I02I 


= 0 


According to definition 2.3.1 the mapping d{df{x) o oi) o 02 is linear map of 
variable 02 . From equation (3.1.1) it follows that mapping d{df{x) o oi) o 02 is 
linear mapping of variable oi. Therefore, the mapping d{df{x)oai)oa 2 is bilinear 
mapping. 


Definition 3.1.1. Polylinear mapping 

(3.1.2) d‘^f{x) o (oi; 02 ) = ° (oi; ^ 2 ) = d{df{x) o ai) o 02 

is called the Gateaux derivative of second order of map f. □ 


Remark 3.1.2. According to definition 3.1.1 for given x the Gateaux derivative 
of second order d^f{x) G C{A,A\A). Therefore, the Gateaux derivative of second 
order of map f is mapping 

d'^f : A ^ C{A, A-A) 

According to the theorem [lJ-4.4.4, we may consider also expression 
d'^f{x) o (oi (g) 02 ) = d‘^f{x) o (oi; 02 ) 

Then 


d^f{x) G C{A ® A] A) 
d'^f : A ^ £{A(giA-,A) 
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3. Derivative of Second Order of Map of D-Algebra 


We use the same notation for mapping because of the nature of the argument it is 
clear what kind of mapping we consider. □ 


Theorem 3.1.3. It is possible to represent the Gateaux derivative of second 
order of map f as 

'dlofix) dlJ{x) dl^fix) 


d^f{x) o (ai;a 2 ) = 


dx'^ 


dx'^ 


dx'^ 


,0-^ 0 (ai;a2) 


dlJ{x) .dlJ{x) .dl^fix) 

-as(ai) ——^— o-s{a2)- 


Expression 


3.1 


OX^ OX^ 

dlpfix) 


dx^ 


dx^ 


p = 0,l,2 


is called component of the Gateaux derivative of second order of map f{x). 


Prooe. Corollary of definition 3.1.1 and theorem [lJ-6.6.6. □ 

By induction, assuming that we defined the Gateaux derivative d^~^f{x) of 
order n — 1, we define 


(3.1.3) 9"/(a;) o (m;...; a„) = ° (oii an) 

= d{d^-^fix)o{ai;...;an-i))oan 

the Gateaux derivative of order n of map /. We also assume 9°/(x) = f{x). 

3.2. Taylor Series 

Let D be the complete commutative ring of characteristic 0. Let A be associa¬ 
tive H-algebra. Let Pk{x) be the monomial of power k, k > 0, m one variable over 
H-algebra A. 

It is evident that monomial of power 0 has form ag, ag € A. For fc > 0, 

Pk(x) = pk-i(x)xak 

where Uk £ A. Actually, last factor of monomial pk{x) is either Ok £ A, or has form 
x^, I > \. In the later case we assume Ufc = 1. Factor preceding Ok has form x^, 
I > 1. We can represent this factor as x’'~^x. Therefore, we proved the statement. 
In particular, monomial of power 1 has form pi{x) = agxai. 

Without loss of generality, we assume k = n. 

Theorem 3.2.1. For any m > 0 the following equation is true 

d"^{f{x)x) o (hi;...; hm) = d'^f{x) o (hi;...; hnfjx 

(3.2.1) + d'^~^f{x) o (hi;...; hm-i]h„f)hi + ... 

-t d'^~^f{x) o (hi;...; hm-i\hm)hjn 

where symbol h'^ means absense of variable in the list. 

^■^We suppose 

dtpfjx) _ dl.pfjx) 
dx^ 


dxdx 













3.2. Taylor Series 
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Proof. For m = 1, this is corollary of equation (2.3.16) 
d{f{x)x) ohi = {df{x) o hi)x + f{x)hi 
Assume, (3.2.1) is true for m — 1. Then 

am-l( „ (h.- ■ i 


i) = d^-^fix) 

0 (hi;. 

• ■5 

+ d'^-^fix) 

0 (hi;. 

hm—2; 

+ d^-^f{x) 

0 (hi;. 

• ■ 5 hjYi — 2l 


Since dhi = 0, then, using the equation (2.3.16), we get 
(3.2.2) 


= 9™/(x) o 


, hfji—i , hm')x 

+ d'^-^fix] 

1 0 (hi, 

..., hjYi—2i hm — l^h^m 

+ d"^-~^f{x] 

1 0 (hi; 

..., hjyi—2i ^ 771 — 1 , “h , 

+ d^^-~^f{x] 

1 0 (^i; 

..., hfYi—2i ^m — lt 1 


The difference between equations (3.2.1) and (3.2.2) is only in form of presentation. 
We proved the theorem. □ 

Theorem 3.2.2. For any n > 0 following equation is true 

a”+V(x) = 0 


Proof. Since Pq{x) = Oq, Oq € D, then for n = 0 theorem is corollary of 
definition 2.3.1. Let statement of theorem is true for n — 1. According to theorem 
3.2.1, when f{x) = Pn-i(x), we get 

d^+^Pn(x)(h, ,..., hn-j-i ) =5"+^(p„_i(a;)xa„)(hi , hn-j-i} 

-hd'"pn-i(x)(hi;...;h nj hn+l)hia.n + 

According to suggestion of induction all monomials are equal 0. □ 

Theorem 3.2.3. Ifm<n, then following equation is true 

5>„(0) = 0 

Prooe. For n = 1 following equation is true 

i9°pi(0) = aoxai = 0 

Assume that statement is true for n — 1. Then according to theorem 3.2.1 

d {p)n—l{^X^Xari)(h\^ ..., /im) — d Pn—\{x){h\^ ..., hm'jxan 

+ d^~^Pn-lix){hi 

*9 Ptt,— ! (^) (/ii, /Ztti — I, hqji^hqqriQj’n 

First term equal 0 because x = 0. Because m — 1 < n — 1, then rest terms equal 0 
according to suggestion of induction. We proved the statement of theorem. □ 
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3. Derivative of Second Order of Map of D-Algebra 


When hi = ... = hn = h, we assume 

d'^f{x) o /i" = a”/(a:) o {hi] /i„) 

This notation does not create ambiguity, because we can determine function ac¬ 
cording to number of arguments. 

Theorem 3.2.4. For any n > 0 following equation is true 

d'^Pn{x) o /i” = n\pn{h) 

Proof. For n = 1 following equation is true 

dpi{x) oh = d(aoxai) o h = aghai = l!pi(h) 

Assume the statement is true for n — 1. Then according to theorem 3.2.1 

2 3 ^ d"Pn{x) o /i" = (a>„_i(a;) o h")a;a„ -b {d'^~^pn-i{x) o h"~^)han 

+ ... + o h'^-^)han 

First term equal 0 according to theorem 3.2.2. The rest n terms equal, and according 
to suggestion of induction from equation (3.2.3) it follows 

d"-pn{x) o h = n(5”“Vn-i(a;) o h)han = n{n - l)!p„_i(/i)/ia„ = n!p„(/i) 
Therefore, statement of theorem is true for any n. □ 

Let p{x) be polynomial of power n.^'^ 

p{x) =po+ Pin (cc) -b ... -b Pni„ (x) 

We assume sum by index i^. which enumerates terms of power k. According to 
theorem 3.2.2, 3.2.3, 3.2.4 

d^p{0) ox = k\pkn{x) 

Therefore, we can write 

p{x) = pq + (l!)“^9p(0) o X -b {2\)~^d^p{0) o x^ + ... + (n!)“^9"p(0) o x" 

This representation of polynomial is called Taylor polynomial. If we consider 
substitution of variable x = y — yo, then considered above construction remain true 
for polynomial 

p{y) =Po+ Pin {y-yo) + ■■■+ Pm^ {y - yo) 

Therefore 

P{y) =Po+(l!)"^9p(yo)o(y-?/o)+(2!)"^5^p(?/o)o(2/-yo)^+...+(R!)”^5Xyo)o(y-2/o)” 
Assume that function /(x) is differentiable in the Gateaux sense at point xq 
up to any order. 

Theorem 3.2.5. If function f {x) holds 

/(xo) = df{xo) oh = ... = 9"/(xo) o /i” = 0 

then for t —>■ 0 expression f{x + th) is infinitesimal of order higher than n with 
respect to t 

/(xo -b th) = o{t‘^) 

consider Taylor polynomial for polynomials by analogy with construction of Taylor polyno- 
mial in [5], p. 246. 

explore construction of Taylor series by analogy with construction of Taylor series in [5], p. 
248, 249. 



3.2. Taylor Series 
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Proof. When n = 1 this statement follows from equation (2.3.6). 
Let statement be true for n — 1. Map 

fi{x) = df{x) o h 

satisfies to condition 

/i(xo) = dfi{xo) oh = ... = d^~^fi{xo) o h'^-^ = 0 
According to suggestion of induction 

fi{xo + th) = o(r“^) 

Then equation (2.3.5) gets form 

o(r-^) = \im {t-^f{x + th)) 

t —^0, t^R 

Therefore, 

f{x + th) = o{t^) 


□ 


Let us form polynomial 

p{x) = f{xo) + {ll)~^df{xo) o{x- xo) + ... + (n!)"^i9"/(xo) o {x - xo)" 
According to theorem 3.2.5 

f{xo + t{x - Xo)) - p{xo + t{x - Xo)) = o(t”) 

Therefore, polynomial p(x) is good approximation of map /(x). 

If the mapping /(x) has the Gateaux derivative of any order, then passing to 
the limit n —>■ oo, we get expansion into series 

OO 

/(x) = ^(u!)-ia'‘/(xo)o(x-xo)" 

n—0 

which is called Taylor series. 
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FjiaBa 1 


Ilpe^HCJioBHe 


1.1. ripeflHCJioBHe 

B ocHOBe MaTeMaTHHecKoro anajiHsa jicjkht bobmojkhoctb jiHHefiHoro npH6jiH- 
jKeHHH K OTo6pajKeHHio, H ocHOBHbie nocTpoeHHH MaTeMaTHHCCKoro anajiHsa yxo- 
KopHHMH b jiHHeHHyK) ajire6py. Tax Kax nponsBeflenHe b nojie KOMMyTaTHBHO, 
TO jiKHeftnaH ajire6pa na^ nojieM OTHOCHxejibHO npocxa. IIpH nepexo^e k ajireGpe 
nafl KOMMyTaTHBHbiM KOjibpoM, HOKOTopbie yTBepjK^eHHH jiHHeiiHOH ajireGpbi co- 
xpaHHKJTCH, HO noHBjiaKJTca H HOBBie yTBepacfleHHa, KOTopbie MenaiOT aaHflmaeJjx 
aHHefiHOH ajire6pbi. 

S^ecb a xoay oGpaxnxb BKHManne na sbojiiophio, Koxopyio npexepnejio nonaxHe 
npoHSBOflHoii co BpeMCH Hbioxona. Kor^a mm HsyaaeM (J)yHKLi,HH oflHoii nepcMen- 
HOH, xo npoHSBOflHaa b saflaHHOii xoaxe aBjiaexca hhcjiom 

dx^ = 2x dx 

Kor^a Mbi HsyaaeM (JaysKpHio necKOjibKHx nepeMenabix, BbiacHaexca, axo ancjia 
He;i,ocxaxoHHO. IIpoHSBOflHaa cxanoBHxca BexxopoM hjih rpa^HeaxoM 

z = x^ +y^ 

dz = 2x dx + 3y^ dy 

IIpH HsyaeHHH oxo6pa}xeHHH Bexxopnbix npocxpancTB mm BnepBbie roBopHM o npo- 
HBBOflHoii xax o6 onepaxope 


X = usinw 


y = u cos V 


z = u 


dx = sin V du + u cos v dv dy = cos v du — u sin v dv dz = 1 du -\- Q dv 


Ho xax xax axox onepaxop jiHHeen, xo mm mojxcm npe^cxaBHXb npoH3BO/i,HyK) xax 
Maxpnpy. H b 3xom cayaae mm mojxcm npe^cxaBHXb Bcxxop npHpan^CHHa oxo6- 
paaccHHa xax npoHaBe^CHHe MaxpHpbi nponsBO^HOH (MaxpHpbi 51 xo6h) na BCxxop 
npHpaHi,eHHa apryMCHxa 


^ d3^ 


^sin V 

It cos z; '' 

dy 

= 

cosv 

—It sin It 



[ 1 

0 ) 



Hocxojibxy ajire6pa aBjiaexca MOflyjiCM na^ HexoxopbiM xoMMyxaxHBHbiM xojib- 
poM, cym,ecxByex psa nyxH HayacHHa cxpyxxyp, nopoacpcHHbix nap ajire6poH. 

Ecjih ajire6pa aBjiaexca cboGophmm MopyjieM, xo mm moixcm Bbi6paxb Gaanc h 
paccMaxpHBaxb Bce onepapHH b xooppHnaxax oxHOCHxejibHO sapaHHoro 6a3Hca. Xo- 
xa 6a3HC MOJxex 6bixb npoH3B0JibHMM, mm MOJxeM Bbi6paxb nanSojiee npocxoii 6a- 
3HC c xoHXH 3peHHa ajireGpanaecxHx onepapnii. 3xox nopxop HMeex 6e3 coMHenna 
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1. IlpeflHCJioBHe 


TO npeHMymecTBO, hto mbi paGoTaeM b KOMMyTaTHBHOM KOjitpe, r^e see onepapHu 
xopomo HsyHeHbi. 

PaccMOxpeHHe onepapHH b ajireGpe nesaBHCHMO ot BbiGpanHoro GasHca flaex 
BOSMOJKHOCTb paccMaTpHBaTb sjieMeHTbi ajireGpbi krk caMOCxoHTejiBHBie oGxjeKXbi. 
CxpyKxypa jiHHefiHoro oxoGpajKenHH ajireGpti paccMOxpena b KHHxe [1]. B sxolt 
KHHxe a HcnojibsOBaji axox HHCxpyMenx fljia HayaenHa MaxeMaxHaecKoro anajiHsa 
nafl HeKOMMyxaxHBHoii ajireGpoii. 


1.2. CorjiameHHH 

CorjlAUiEHHE 1.2.1. B eupaatcenuu euda 

(Xi.QX(Xi.\ 

npednoAmaemcsi cyMMa no undcKcy i. □ 

CorjlAUlEHHE 1.2.2. Ecau menaop a € uMcem paaAoatceHue 


a = Ui-o <8) Oi.i ® ... 0 Ui-n i £ I 

mo MHOOfcecmeo nepeemanoeoK a = {ai € S{n) \ i € 1} u mensop a nopootedamm 
omoGpaotceHue 

(a, a) : ^ A 

onpedeACHHoe paeeHcmeoM 

(a, a) o (bi, ...,bn) = (a^.g 0 a,.i 0 ... 0 a^.n,ai) o (6i, ...,6„) 

— 0,i.Q(Ti(^bi^Cli.i.. .(Ti(^bn')Cli.n 

□ 


CorjlAUiEHHE 1.2.3. Uyemt mensop a S . Ecau xi 

mo MU noAoofcuM 


a o x" = a o (xi 0 ... ® Xn) 


... = Xn = X, 

□ 


CorjlAUiEHHE 1.2.4. dAeMCHm fl-aAee6pu A nasueaemcA ^-hhcjiom. Ha- 
npuMep, KOMnACKCHOe hucao maKotce naaueaemcA C-hucaom, a KeamepnuoH na- 
3ueaemcA El -hucaom. □ 

CorjlAUiEHHE 1.2.5. Ilycmt) A accoyuamuenaA D-aAze6pa. IIpedcmaeAeHue 

/ 

A 0 A — A f{p) : a ^ poa 
D-ModyAA A® A onpedeAcno paeencmeoM 
(1.2.1) (a 0 6) o c = aefe 

u nopooicdaem MHootceemeo Auneunux omo6pamceHuu. 9mo npedemasAenue no- 
pootedaem npouseedenue o e D-ModyAc A® A cozAacno npaeuAy 

{p o q) o a = p o {qo a) 

□ 


FjiaBa 2 


/],H4)4)epeHi],HpyeMbie OTo6pa:a<;eHHa 


B SToii rjiase mbi hsjhum npoH3BO/i,Hyio h flHcJxljepeHpHaji OTo6pa}KeHHH b D 
-ajire6py. Ilojie komojibkchbix hhcbji - sto ajire6pa na/i, nojieM ^eiiCTBHTejiBHbix 
HHceji. B MaTCMaTHHecKOM anajinae (JjyHKpHii KOMnjieKCHoro nepeMennoro mbi pac- 
CMaTpHBaeM jiHneiiHBie OToGpajKenHH, nopojK^eHHBie OToGpajKeHiieM Iq o z = z. 
riosTOMy H B 3TOM pasflejie mbi orpanHHHMCH jiHneiiHBiMH OToGpajKenHHMH, no- 
pojK^eHHBiMH OTo6pa}KeHHeM Iq o a = a. 

2.1. TonojiorHHecKoe KOJibLi;o 

OnPEflEJlEHHE 2 . 1 . 1 . KoAbVfO D Haaweaemcjj TonojiorHHecKHM KOJibu,OM^'^, 
ecAu D ABAAemcM monoAoauHecKUM npocmpancmeoM, u aAze6pauHecKue onepaUjUu, 
onpedeACHHue e D, nenpepuenu e monoAoeuuecKOM npocmpaHcmee D. □ 

CorjiacHO onpe^ejieHHio, ^jih hpohsbojibhbix sjieMeHTOB a, b € D n fljisi npoHS- 
BOjiBHBix OKpecTHOCTeli Wa-b sJieMeHTa a — b, Wab sJieMenTa ab cyipecTByiOT TaxHe 
OKpecTHOCTH Wa sjieMeHTa a h Wt ajiCMema b, ^to Wa — Wb C Wa-b, WaWt C Wab- 

OnPEflEJiEHHE 2 . 1 . 2 . HopMa Ha KOJitu,e D - amo omoOpaDtceHu^ '^ 

d&D ^\d\€R 

maKoe, umo 

• |a| > 0 

• |a| = 0 paenocuAbHO a = 0 

• \a-b\ = |a| |5| 

• |a + ^1 < |a| + |6| 

KoAbi^o D, HadtACHHoe cmpyKmypou, onpedcAHeMou aadanueM na D HopMU, 
HaaueaemcH HopMHpoBaHHMM KOJibpoM. □ 

UnBapnaHTHoe paccxoHHHe na a/mHTHBHoli rpynne KOJiBpa D 

d{a, b) = \a — b\ 

onpe;i,ejiHeT TonojiorHio MexpHnecKoro npocxpancxBa, corjiacyromyiocH co cxpyx- 
xypoii KOJiBpa b D. 

OnPEflEJiEHHE 2 . 1 . 3 . Uycmb D - HopMupoeauHoe KOAhyo. dAeMenm a G D 
HaaueaemcM npe/i;ejioM nocjie^oBaxejibHOCTH {on} 

a = 

^'^Onpe/^ejieHHe .i],aHO corjiacHO onpe.i],ejieHHiO h 3 [4], rjiasa 4 

^'^Onpe/^ejieHHe .i],aHO corjiacHO onpe.i],ejieHHiO h 3 [2], rji. IX, §3, n°2, a xaioKe corjiacHO onpe- 
flejieHHKj [6]-1.1.12, c. 23. 


7 



8 


2. /^n4)4^epeHi],npyeMbie OToSpa^KCHHH 


ecJiu djiR jvh)6ozo e ^ R, e > (), cyw^ecmeyem, aaeucnw^ee om e, namypajimoe hucjio 
no maKoe, nmo 

|a„ - a| < e 

djisi jim6ozo n > Uq. □ 

Teopema 2.1.4. Uycmti D - HopMupoeauHoe KOJibyo xapaKmepucmuKu 0 u 
nycmb d £ D. Uycmb a £ D - npedeA nocJiedoeameJibHocmu {an}- Tozda 

lim {and) = ad 

n—^co 

lim {dan) = da 

n—¥oo 

^OKASATEJibCTBO. YTBepjKfleHHe TeopeMM TpHBHajibHO, oflHaKO h npHBOJKy 
flOKaaaTejibCTBO nojinoTbi TBKCTa. IIocKOJibKy a £ D - npe^eji nocjie.noBa- 
TejibHOCTH {an}, TO coBjiacHO onpe;i,ejieHHio 2.1.3 ^jih aaflanHoro e £ R, e > 0, 
cymecTByeT naxypajibHoe bhcjio no xaKoe, hto 

e 


an - a < 


Ml 


jiioGoro n > no- CorjiacHO onpe;i,ejieHHio 2.1.2 yTBepac/ieHHe xeopeMbi cjie^yex 
H3 HepaseHCTB 

\and - ad\ = |(a„ - a)d\ = |a„ - a||d| < j^MI = e 

\dan - da\ = |d(a„ - a)\ = MIMn - a| < MIt 4 t = e 

Ml 


fljiH jiio6oro n > Uq. 


□ 


OnPEflEJiEHHE 2.1.5. Uycmt, D - HopMupoeauHoe Ko-zibyo. UocjiedoeameAb- 
Hocmb {an}, an £ D nasueaemc-K (JjyHflaMeHTajibHoft u,/iu nocjie/i;oBaTejii>- 
HOCTbK) Koluh, ecAu Basi ak)6ozo e £ R, e > 0 cymecmeyem, saeucMinee om e, 
HamypaAbHoe hucao no maKoe, umo \ap — aq\ < e Baa am6ux p, q > tiq. □ 

OnPEflEJiEHHE 2.1.6. HopMupoeauHoe noAbyo D nasueaemcA nojiHbiM ec- 
Au AwdaA ^yndaMenmaAbHaA noCAcdoeameAbHocmb OAe-Meumoe dauHozo KOAbya 
cxodumcA, m. e. uMcem npedcA e amoM KOAbye. □ 


B flajibnefimeM, roBopa o HopMHpoBanHOM KOJibpe xapaKxepncxHKH 0, mbi 6y- 
flBM npeflnojiaraxb, hxo onpe.ii,ejieH roMeoMopcjanaM nojiH papHonajibHbix hhcbji Q 
B KOJIbpO D. 


Teopema 2.1.7. Uoahoc KOAbyo D xapanmepucmuKU 0 codepatcum e Kanecmee 
nodnoAA u30Mop(pHuu odpas uoaa R deucmeumeAbnux hucza. 9mo noAe o6uhho 
omoatcdecmeAAmm c R. 


^OKASATEJlbCTBO. PaccMOxpHM (jDyHflaMeHxajibHyio nocjie^OBaxejibHOCxb pa- 
pHonajibHbix HHceji {pn}- Ilycxb p' - npe^eji sxofi nocjie;i,OBaxejibHOCxH b KOJibpe 
D. Ilycxb p - npe;i,eji sxoli nocjie^OBaxejibHOCxH b nojie R. Tax xax BjioJxeHHe nojiH 
Q B xejio D roMeoMopcjDHO, xo mbi mojkom oxo}K/i,ecxBHTb p' £ D n p £ R. □ 

Teopema 2.1.8. Flycmb D - noAuae noAbyo xapaKmepucmuKu 0 u nycmb d £ 
D. Tozda Awdoe deucmeumeAbHoe hucao p £ R KOMMymupyem c d. 


2.2. TonojiorHHecKaa Z)-ajirc6pa 


9 


^OKASATEJlbCTBO. Mbi MOJKeM npe;i,CTaBHTb ;i,eHCTBHTejiijHoe hhcjio p € R e 
BH^e (J)yHflaMeHTajiBHOH nocjieflOBaTejiBHOCTH papHOHajitHbix bhccji {pn}- YiBep- 
jK/i,eHHe TeopeMBi cjie^yeT h 3 penoHKH paaencTB 

pd = lim (pnd) = lim (dpn) = dp 

n—¥oo n—^oo 

ocHOBaHHOH Ha yTBepjK/ieHHH TeopeMBi 2.1.4. □ 

2.2. TonojiorHHecKaH H-ajireGpa 

OnPEflEJlEHHE 2.2.1. Uycmti D - monoAoeunecKoe KOMMyrnamuenoe KOAbyo. 
D-aAze6pa A nasueaemcM TonojiorHHecKoft Il-ajire6poH^'^, ecAu A nadeAeno 
monoAoeueu, cozAacywiyeucsi co cmpyKmypou addumuenou zpynnu e A, u omo6- 
paoiceHUA 

{a,v) G D X A ^ av G A 
{v,w) gAxA^vwgA 

HenpepuBHu. □ 

OnPEflEJiEHHE 2.2.2. HopMa na Zl-ajire6pe A Had HopMupoeanuM KOMMy- 
mamuBHUM KOAhyoM - amo omodpaatceHue 

a G A —y |(z| G R 

maKoe, umo 

• |a| > 0 

• |a| = 0 paBHOcuABHO a = 0 

• ja + 6| < |a| + |6| 

• \ab\ = |a| |6| 

• \da\ = |(i| |a|, d G D, a G A 

D-aAze6pa A nad HopMuposaHHUM KOMMymamuBHUM KOAbyoM D, HadeAennaA 
cmpyKmypou, onpedcAACMOu sadanueM na A HopMU, HaauBaemcA HopMHposaH- 
Hoii H-ajireGpoii. □ 

OnPEflEJiEHHE 2.2.3. Ilycmb A - HopMupoBauHaA D-aAzedpa. dACMenm a G A 
HaauBaemcA npe/i;ejioM nocjie;],OBaTejibHOCTH {oji} 

a = lim o„ 

n—voo 

ecAu dAA Awdozo e G R, € > 0 cyiyecmByem, aaBucAiyee om e, uarnypaAbHoe hucao 
riQ maKoe, nmo |a„ — a| < e dAA akGozo n > uq. □ 

OnPEflEJiEHHE 2.2.4. Ilycmb A - HopMupoBauHaA D-aAze6pa. IIocAedoBameAb- 
Hocmb {an], Un G A, HasuBaemcA cJ)yH/];aMeHTajibHOH it/iw nocjieflOBaTejibHO- 
CTbHj KoniH, ecAu dAA Awdozo e G R, e > 0, cyvyecmByem, aaBucAiyee om e, 
HamypaAbHoe hucao hq manoe, umo \ap — aq\ < e dAA Awdux p, q > no. □ 

OnPEflEJiEHHE 2.2.5. HopMupoBannaA D-aAze6pa A Haaweaemcji 6aHaxoBOH 
Zl-ajire6poH ecAU AwdaA ^yudaMCHmaAbnaA nocAcdoBamcAbHocmb OACMcnmoB 
aAzedpu A cxodumcA, m. e. uMcem npedcA b aAzedpe A. □ 

OnPEflEJiEHHE 2.2.6. Ilycmb A - danaxoBOA D-aAzedpa. MnooK-ccmBo oacmch- 
moB a G A, |a| = 1, uasuBaemcA eflHHHHHoft ccjjepoii b ajire6pe A. □ 

^■^Onpe/iejieHHe ^aHO corjiacHO onpeflejienHKi h3 |3], c. 21 
^■^Onpe/iejieHHe flaeo corjiacHO onpeflejieHHK) h 3 [2], rji. IX, §3, n°3 
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2. /^ncJ)4^epeHi],npyeMbie OTo6pa>KCHHH 


OnPEflEJlEHHE 2.2.7. OmoOpaotceHue 

f : Ai ^ A 2 

6aHaxoeou Di-aAze6pu Ai c HopMou \x\i e 6aHaxo6yw D2-aAze6py A2 c nopMou 
\y\2 HasueaemcH HenpeptiBHbiM, ecAu Baa awGozo ckoaid yzodno MaAozo e > 0 
cyipecmeyem muKoe <5 > 0, nmo 

\x' — a;|i < 5 

BAeuem 

\f{x’)-f{x )\2 < e 

□ 


OnPEflEJiEHHE 2.2.8. Uycmt, 

f : Ai ^ A 2 


omo6pacnceHue 6aHaxo6ou Di-aAze6pu Ai c nopMou |a;|i e SaHaxoeyw D2-aAze6py 
A2 c HopMou \y\2- BeAUHUHa 


( 2 . 2 . 1 ) 


ILfil = sup 


|a;|i 


HasueaemcH HopMoft OTo 6 pa»ceHHH /. 


□ 


Teopema 2.2.9. Uycmti 

f : Ai ^ A 2 

AUHcuHoe omo 6 paatceHue 6 aHaxoeou Di-aAze 6 pu Ai c nopMou |a:|i e 6 aHaxo 6 yK> 
D 2 -aAze 6 py A 2 c nopMou \y\ 2 - Tozda 

(2.2.2) ll/ll = sup{\f{x )\2 ■ |a;|i = 1} 

^OKASATEJlbCTBO. Hs onpcflejieHHH [1]-4.2.1, [1]-6.1.1 h TeopcM 2.1.7, 2.1.8 
cjieflyeT 


(2.2.3) firx) = rf{x) r € R 

Ha paBCHCTBa (2.2.3) h onpe^ejieHHH 2.2.2 cjie,nyeT 

\f{rx )\2 ^ \r\ \f{x )\2 ^ \f{x )\2 
\rx\i |r| \x\i \x\i 

Hojiaraa: r = -——, mbi nojiVBHM 

|a;|i 


(2.2.4) 


\fix)\2 

\x\i 


f 


X 

\x\l 


PaBencTBO (2.2.2) cjie^eT h 3 paBencTB (2.2.4) h (2.2.1). 
Teopema 2.2.10. Uycmb 


□ 


f : Ai ^ A 2 

AUHeuHoe omo6paMceHue Oanaxaeou Di-aAze6pu Ai c nopMou \x\i e 6aHaxoeym 
D2-aAze6py A2 c nopMou \y\2- Omo6pamceHue f Henpepueno, ecAu ||/|| < 00 . 









2.3. ripoHSBOflHasi OTo6pa^eHHft ajire6pbi 


11 


^OKASATEJlbCTBO. IIocKOjibKy OToGpajKeHHe / jiHHefiHO, to corjiacno onpe- 
flejieHHK) 2.2.8 

\fix) - fiy )\2 = \ fix - y )\2 < ll/ll |a; - y\i 
BoabMOM npoHSBOjibHoe e > 0 . IIojiojkhm S = 77777. Torfla h 3 HepaBCHCTBa 


' - y|i < ^ 


cjie^eT 


if(x) - f(y)i2 < ll/ll ^ = e 

CorjiacHO onpeflejienHio 2.2.7 OTo6pa>KeHHe / nenpepbiBHO. 


□ 


2.3. npoH3Bo;],HaH OToGpajaceHHH ajireGpti 

OnPEflEJlEHHE 2.3.1. Ilycmb A - 6aHaxo6aH D-aAze6pa. Omo6pajiceHue 

f:A^A 

flHcJ>cJ>epeHU,HpyeMO no FaTO na MHoofcecmee U C A, ecAu e Kaatcdou moHKe 
X € U usMeneHue omo6pacnceHUA / Moofcem 6umt> npedcmaeAeno e eude 


(2.3.1) 


f{x + a) - f{x) = df{x) oa + o{a) = 


dm 

dx 


o a + o(a) 


zde npoH3BO^H2LH FaTO df{x) OTo6p2L>KeHHH / - AUHeuHoe omo6paxKeHue npu- 
pauifiHusi a u o : A ^ A - maKoe nenpepuenoe omo6paDKeHue, umo 

|o(a)' 


lim 
a^O |a| 


= 0 


□ 


Samehahhe 2.3.2. CozAacno onpedeAenum 2.3.1 npu aadannoM x npouaeod- 
HttH Famo df{x) £ C{A\A). CAedoeameAhHo, npouaeodnaH Famo omo6paxK.eHUA 
f ABAHemcA omo6pacnceHueM 

df : A ^ C{A; A) 

BupaoKCHUM df{x) u ^ abaakhticm pasHUMu o6o3HaHeHUAMu odnoeo u moeo 


dx 

cHce omo6paxtceHUA. Mu 6ydeM noAt>3oeamtiCA oSosHaueHueM 


dfjx) 

dx 


ecAU xomuM 

□ 


nodHepKnymt), umo mu 6 epeM npouseodnym Famo no nepeMennou x. 

Teopema 2.3.3. Mu mochcbm npedcmaeumb nponoeodnym Famo omo6paotce- 
HUA f e eude^'^ 


(2.3.3) 


dfjx) 

dx 


o a = 


ds-ofix) ^ ds.ifix) 


dx 


dx 


o a 


ds.of{x) dg.ifix) 

-a- 


dx 


dx 


^■^OopMajIbHO, MbI .I],OJI?KHbI 3 anHCaTb npOH 3 BO/I,HyiO OTo 6 pa>KeHH 5 I B BHT^e 


( 2 . 3 . 2 ) 


dfjx) 

dx 


dk-a-ofix) dk-a-lfix) 


j dk-s-ofix) ^dk-s-ifix) 

o Ikoa = -;;- (Ik O a) - 


dx 


dx 


dx dx 

O^HaKO, HanpHMep, b xeopHH 4 )yHKi],Hii KOMnjieKCHoro nepeMCHHOFO paccMaxpHEaiOTCH tojibko 
jiHHeiiHbie OTo 6 pa:>KeHHH, nopo:>K^eHHbie OTo 6 pai«;eHHeM Iq o z = z. IloaTOMy npH HsyneHHH npo- 
H 3 BO;],HbIX MbI XaiOKe OFpaHHHHMCH JIHHeilHbie 0T06pa:>KeHHHMH, nOpO^;],eHHbIMH 0T06pa:>KeHHeM 
Iq. riepexo^ k o 6 ii];eMy cjiynaio ne cocTaBJiaeT oco 6 oro Tpy^a. 
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2. /^ncJ)4^epeHi],npyeMbie OTo6pa>KCHH5i 


Bupaatcenue 


ds-pfjx) 
dx 


p = 0, 1, HaaueaemcM KOMnoHeHToii npoH3BO/i;HOH 


FaTO omo6paatceHUJi f{x). 

^OKASATEJlbCTBO. Cjie^CTBHe onpeflejieHHH 2.3.1 h TeopeMbi [l]-6.4.5. □ 

Hs onpe^ejieHHH [1]-4.2.1, [1]-6.1.1 , 2.3.1 h TeopeMbi 2.1.7 cjie^yeT 
(2.3.4) df{x) o (ra) = rdf{x) o a 


r G R r ^ 0 a G A a^O 

KoM6HHHpyH paBencTBO (2.3.4) h onpe^ejieHHe 2.3.1, mbi nojiy^HM snaKOMoe onpe- 
.ii,ejieHHe npoHSBOflHoii Faxo 


(2.3.5) 


df{x)oa= lim (t \f{x + ta)-fix))) 

i—>0, tGR 


OnpeflejieHHH npoHSBOflHOH Faxo (2.3.1) h (2.3.5) aKBHBajieHXHbi. Ha ochobb STOii 
3KBHBajieHTHOCTH Mbi 6yflpM xoBopHTb, BTO OToGpajKBHHe / ^HcJxliepeHpHpyeMO no 
Faxo na MHOJKecxBe U G D, ecjin b KajK^oli xonne x G U nsMeHenne oxoGpajKenHH 
/ Moxex 6bixb npe;i,CTaBjieHO b BH^e 

(2.3.6) f{x + ta) — f{x) = tdf{x) o a + o{t) 

r.ii,e o : R ^ A - xanoe nenpepbiBHoe oxoGpajKenne, hto 

ta!# = o 

i^-0 |t| 

Ecjih GecKonenno Majian a b paBencxBe (2.3.1) abjihoxch ^ncJxJiepeHpHajiOM dx, 
xo paBencTBO (2.3.1) CTanoBHTCH onpe^ejicnneM ;],H4>(J)epeHU,Hajia Faxo 


(2.3.7) 


dfjx) 

dx 


o dx = 


ds-ofix) ds-ifix) 


dx 


dx 


o dx 


ds-of{x) ds-ifix) 
-dx- 


dx dx 

Teopema 2.3.4. Ilycmb A - danaxoea^ D-aAze6pa. Ilycmb e - daauc ajieedpu 
A Had KOJibyoM D. CTaHflapxHoe npeflcxaBJieHHe npoH3BO/i,HOH Faxo oxo6- 

pa^KBHHH 

f-.A^A 

uMeem end 
(2.3.8) 


dfix) 


d^^f{x)_ 


> Ci 


Bupaatcenue 


d^^fjx) 

dx 


dx dx 

e paeeHcmee (2.3.8) nasueaemcsi cxaH;],apxHOH komho- 


HeHxoii npoH3BO^HOH Faxo omodpaotceHUM f. 


,HOKA3ATEJlbCTBO. yxBep>K/],eHHe TeopeMbi aBjinexca cjieflCXBiieM yTBep}K;i,e- 
HHH [l]-6.4.5.2. □ 

Teopema 2.3.5. Ilycmb A - danaxoeaH D-ajize6pa. Ilycmb e - aAzedpu A Had 
KOAbyOM D. Tozda npouaeodHan Famo omodpaatccHUA 

f-.D^D 












2.3. ripoHSBOflHasi OTo6pa^eHHft ajire6pbi 
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MOQK.HO aanucamt) e eude 

^ ' dx dx^ ^ 

zde dx £ A uMeem paaJioMceHue 

dx = dx^ Ci dx'^ € D 


(2.3.10) 


-CLCir 


omHocumeji'bHo dasuca e u Mampwna Hko6u omodpaMcenusi f uMcem eud 

dp _ d'^^fix) 

dx^ dx 

flOKASATEJibCTBO. VTBepjKfleHHe TeopcMbi HBjiaeTCH cjie^CTBueM TeopcMbi 

[l]-6.4.5. □ 

Teopema 2.3.6. Uycmh A - danaxoeaR D-aAze6pa. Uycmt) f, g - du^^epen- 
yupycMue omodpaotceHusi 


f : A^ A g : A^ A 

OmodpaoiceHue 

f + g : A^ A 

du^^epenyupyeMO u npouaeodnaM Famo ydoeAemeoptiem coomHomeHum 
(2.3.11) d{f + g){x) = df{x)+ dg{x) 

^OKASATEJlbCTBO. CorjiacHO onpe^ejiCHHio (2.3.5), 


d{f + g){x)oa= lim (t Hif + PP + ta) - {f + g){x))) 

tGfl 

= lim (t~^{f{x + ta)+g{x + to) - f{x) - g{x))) 

tGfl 

(2.3.12) = lim {t-\f{x + ta)-f{x))) 

t-^O, t£R 

+ . + - g{x))) 

t—^O, t^R 

= df{x) o a + dg{x) o a 


PaBencTBO (2.3.11) cjie,ii,yeT h 3 paaencTBa (2.3.12). 


□ 


Teopema 2.3.7. nycmt> A - danaxaeati D-aAze6pa. Ilycmti 

h A 'K A —^ A 


Henpepuenoe duAuneunoe omodpaofceHue. nycmb f, g - du^ppenyupyeMue omod- 
pacuceHUJi 

f : A^ A g : A^ A 


OmodpaoiceHue 

hif^g) '■ A ^ A 

du^ppenyupyeMO u du^ppenyuaA Famo ydoeAemeopsiem coomHomeHuw 


(2.3.13) dh{f{x),g{x)) o dx = h{df{x) o dx,g{x)) + h{f{x),dg{x) o dx) 
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2. /^n4)4^epeHi],npyeMbie OTo6pa>KCHHH 


^OKASATEJlbCTBO. PaBeHCTBO (2.3.13) cjie^yeT h 3 u.enoBKH paBencTB 

dh{f{x),g{x)) oa = lim(f^(/i(/(a; + ta),g{x + ta)) - h{f{x),g{x)))) 
t—^o 

= lim(t~^(h(f(x + ta),g(x + ta)) - h(f(x), g(x + ta)))) 
t->o 

+ (h(f(x), g(x + ta)) - h(f(x),g(x)))) 

= h(limt~^(f(x + ta) - f(x)),g(x)) 

+ h(f(x),limt-^(g(x + ta) - g(x))) 

ocHOBaHHOH Ha onpeflejieHHH (2.3.5). □ 

CorjlAUlEHHE 2.3.8. /(aji aadauHozo 6uAUHeuHozo omo6paaK.eHusi 

h : Ax A ^ A 


MU paccMompuM omo6pac>KeHUJi 

hi : C{D; A; A) x A ^ C{D; A; A) 
h 2 -. Ax C{D- A; A) £(D; A; A) 

onpedeACHHue paeeHcmeaMU 

hi{f,v)ou = h{fou,v) 
h 2 {u,f) ov = h{u,fo v) 

Mu 6ydeM noAbaoeamtcA 6yKeou h Baa ohoanaueHUA omoOpaMceHuu hi, h 2 - D 
Teopema 2.3.9. Uycmh A - hanaxoeaA D-aAze6pa. Ilycmti 

h : Ax A ^ A 

Henpepuenoe huAUHeunoe omohpaofceHue. Uycmh f, g - du^^epenyupyeMue omo6- 
paOKCHUA 

f : A^ A g : A^ A 

Omo6paaK.eHue 

h{f,g) : A ^ A 

du^^epenyupyeMo u npouaeodnaA Famo ydosAemeopAem coomHomcHum 
(2.3.14) dh{f{x),g{x)) = h{df{x), g{x)) + h{f{x),dg{x)) 

^OKASATEJibCTBO. PaBeHCTBO (2.3.14) cjicflyeT h 3 paseHCTBa (2.3.13) h co- 
rjianieHHH 2.3.8. □ 


Teopema 2.3.10. Uycmh A - hanaxoeaA D-aAze6pa. Uycmh f, g - du^^epen- 
yupycMue omohpaotceHUA 


f : A^ A g ■. A^ A 
UpouaeodnaA Famo ydoBAemeopAcm coomHomeHum 


(2.3.15) 


df{x)g{x) 

dx 


o dx = 


9f{x) 

dx 


o dx g{x) + f{x) 



(2.3.16) 


df{x)g{x) 

dx 


df{x) 

dx 


g{x) + f{x) 


dgjx) 

dx 
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^OKASATEJlbCTBO. TeopeMa aBjiaeTCH cjie;i,CTBHeM TeopcM 2.3.7, 2.3.9 n onpe- 
^ejieHHH [1]-5.1.1. □ 

Teopema 2.3.11. Uycmh A - Oanaxaeasi D-ajize6pa. /(onycmuM npouseodnafi 
Famo omoOpaoKenusi 

f-.A^A 

uMeem pasjiocHcenue 

O ^fi^) 9s.of{x) ^ ds-ifix) 

/(onycmuM npouaeodnafi Famo omo6pacitceHUJi g : D ^ D UMeem pasJioofceHue 
o 1c.^ _ dt-ogix) ^ dt-igix) 

Flpouaeodnasi Famo omodpaoKenusi f{x)g{x) uMeem eud 


(2.3.19) 


(2.3.20) 


dfi.x)g{x) ds-ofix) (ds-ifix) 


dx 


dx 


dx 


g{x) + f{x) 


dtog{x)\ dt.ig{x) 


dx 


dx 


ds-of{x)g{x) ^ ds-ofix) 
dx dx 

ds-if{x)g{x) ds.ifix) 


9{x) 


dt-of{x)g{x) dt.og{x) 

— ai — = 

dt-if{x)g{x) dt-igix) 


dx dx dx dx 

,HOKA3ATEJlbCTBO. IIoflCTaBHM (2.3.17) H (2.3.18) B paBencTBO (2.3.16) 


(2.3.21) 


df{x)g {x) 
dx 


o a = 


oa g{x)+f{x) 


dfjx) 

dx 

ds-ofix) ds-ifix) 


f dgjx) 
\ dx 


o a 


f \ , -Pf \9t.ogix) dt-igix) 
g{x) + fix )—- a- 


dx dx dx 

OnHpaacB na (2.3.21), mbi onpe^ejiaeM paaencTBa (2.3.20). 


dx 


□ 


Teopema 2.3.12. Flycmt A - Oanaxaeasi D-ajize6pa. F[ycmt> f, g - du(fi(fiepeH- 
yupycMue omo6paDtceHUfi 


f : A^ A g : A^ A 
FlpouaeodnaM Famo ydoejiemeop^em coomHomeHum 

‘am 


(2.3.22) 


dx 


dx 


o da; <8) gix) + fix) 


dgjx) 

dx 


o dx 


(2.3.23) 


d fix)® gix) dfix) dgix) 

) yy / _ ^ gix) + fix) 


dx dx dx 

,HOKA3ATEJlbCTBO. TeopeMa aBjiaeTca cjie^CTBHeM leopeM 2.3.7, 2.3.9, [1] 
4.4.5 H onpe^eaenna [1]-5.1.1. 

3AMEHAHHE 2.3.13. Flycmt 

dfix) ds-ofix) ds-ifix) 


□ 


(2.3.24) 

(2.3.25) 


dx dx dx 

dgix) dt-ogix) ^ dt.igix) 


dx 


dx 


dx 
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2. /^n4)4^epeHi],npyeMbie OTo6pa>KCHH5i 


Tozda 


(2.3.26) 


df{x) 0 g{x) ds-ofix) ds-ifix) 


)g{x)+f{x)< 


dtogix) dt.ig{x) 


dx dx dx dx dx 

Mu He numeM cko6ku, maK kuk mensopHoe npouseedenue accoipaamueno u duc- 
mpu6ymueHo omnocumeAbHo cAoxtcenusi (meopeMu [lJ-3.3.11, [lj-3.4-5 ). □ 


Teopema 2.3.14. Uycmt) A - Oanaxaeasi D-aAze6pa. Ecau npouaeodnaA Eamo 
df{x) cyw,ecmeyem e mouKe x u uMeem KOHeHnyw nopMy, mo omo6paatceHue f 
HenpepuBHO e momte x. 


^OKASATEJlbCTBO. Hs onpe^ejieHHH 2.2.8 cjic^yeT 

(2.3.27) \df{x) o a| < ||9/(a;)|| |a| 

Hs (2.3.1), (2.3.27) cjie^yeT 

(2.3.28) \f{x + a) - f{x)\ < |a| \\df{x)\\ 
BosbMeM npoHSBOjibHoe e > 0. IIojiojkhm 

c ^ e 

m{x)\\ 


Tor^a H3 HepaBencTBa 


|a| < 6 


cjiepyeT 

\f{x + a) - f{x)\ < ||9/(a;)|| S = e 

CorjiacHO onpe^ejiCHHio 2.2.7 OTo6pajKeHHe / nenpepbiBHO b TOHKe x. □ 

Teopema 2.3.15. nycmt> A - 6aHaxoeaH D-aAze6pa. Uycmb omodpaotcenue 

f-.A^A 

du^^epenyupyeMO no Eamo e monne x. Tozda 

df{x) o 0 = 0 

,r(OKA3ATEJlbCTBO. Cjie;i,CTBHe onpe^ejieHHH 2.3.1 H TeopeMBi [l]-4.2.5. □ 

Teopema 2.3.16. Uycmt) A - OaHaxoeasi D-aAze6pa. Uycmt) omoOpaoKCHue 

f-.A^A 

du^^epenyupyeMo no Tamo e mouKe x u HopMa npouseodnou Tamo omodpaotcenuA 

f KOHCHHa 

(2.3.29) ||a/(a;)|| = T < cx) 

Uycmt) omodpaotccHue 

g-.A^A 

ducfi^epenyupyeMO no Tamo e mouKC 

(2.3.30) y = fix) 

u HopMa npouaeodnou Tamo omodpaotccHUA g KOHCHua 

(2.3.31) ||ag( 2 /)|| =G<oo 
OmodpaotceHue 


igoDix) = g{fix)) 
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du^^epeHUjUpyeMo no Famo e moHKe x 

d{g o f){x) = dg{y) o df[x) 
dig o f)ix)oa= dg{y) o dfix) o a 

dst-oig o f)ix) ds-ogifix)) dt-ofix) 


(2.3.32) 


(2.3.33) 


f) f ( 

dst iig o f)ix) dt-ifix) d,.igifix)) 


dx dx dfix) 

^OKASATEJlbCTBO. CorjiacHO onpeflejieHHK) 2.3.1 

(2.3.34) giy + b) - giy) = dgiy) o 6 + oi (6) 
r^e oi A ^ A - TaKoe nenpepbiBHoe OTo6pa}KeHHe, hto 

b^O |6| 

CorjiacHO onpe^ejiCHHio 2.3.1 

(2.3.35) fix + a) — fix) = dfix) o a + 02 (a) 

r^e 02 : ^ ^ - TaKoe nenpepbiBHoe OTo6pa}KeHHe, hto 

a->0 |a| 

CorjiacHO (2.3.35) CMemenne a anaHenHa: x G A npHBOflHT k CMemennio 

(2.3.36) b = dfix) o a + 02 ia) 

SHaaeHHH y. Hcnojibsya (2.3.30), (2.3.36) b paBencTse (2.3.34), mbi nojiyHHM 
gifix + a))-gifix)) 

(2.3.37) =g[f(x) + dfix) o a + 02 (a)) - gifix)) 

= dgifix)) o idfix) o a + 02 (a)) - oiidfix) o a + 02 (a)) 

CorjiacHO onpeflejienHHM 2.3.1, [1]-4.2.1, [1]-6.1.1 , h 3 paBencTBa (2.3.37) cjie,zi,yeT 

gifix + a))- gifix)) 

= dgifix)) o dfix) o a + dgifix)) o 02 (a) - oi(9/(x) o a + 02 (a)) 
CorjiacHO onpeflejienHio 2.2.2 

\dgifix)) o 02 ia) - Oiidfix) oa + 02 (a))| 

iilli 

(2.3.39) 


(2.3.38) 


lim 

a —>-0 


< Idgjfjx)) o 02 ia)\ |oi(a/(a:) oa + 02 (a))| 

~ a —>0 | a | a —>-0 | a | 


Ha (2.3.31) cjieflyeT 
(2.3.40) 


< G lim = 0 


a 


a 
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2. /^ncJ)4^epeHi],npyeMbie OTo6pa>KCHHH 


Ha (2.3.29) cjia^yeT 


lim 
< 2—^0 


\oi{df{x)oa + 02 {a))\ 


|oi(5/(x) oa + 02(a))| \df{x)oa + 02ia)\ 

— — I ^ ■ --— lim-^^- 

a-^o \df{x) o a 02 {a)\ |a| 

\oi{df{x)oa + 02 {a))\ \\df{x)\\\a\ + |o 2 (a)| 

-a^o \df{x)oa + 02 {a )\2 a^o |a| 

= lim l°iW(x)o» + o,(a))| 

a^o \df{x)oa + 02 {a)\ 

CorjiacHO leopeMe 2.3.15 

lim(3/(a:) o a) + 02 (a)) = 0 
a^O 


CjieflOBaTejibHO, 

(2.3.41) 

a—>-0 |a| 

Ha paBCHCTB (2.3.39), (2.3.40), (2.3.41) cjieflyeT 


\oiidfix) o a + 02 ia))\ ^ ^ 


(2.3.42) 


Idgjfjx)) o 02 (a) - oijdfix) oa + 02 (a))| ^ 


a ->-0 | a | 

CorjiacHO onpeflejienHio 2.3.1 

(2.3.43) {g o f){x + a) - {g o f){x) = d{g o f)(x) o a + o(a) 

r.ii,e o A - TaKoe nenpepBiBHoe OToOpa^Kenne, hto 

lim^=0 

a-^0 |a| 

PaseHCTBO (2.3.32) cjie^nyeT na (2.3.38), (2.3.42), (2.3.43). 

Ha paseHCTBa (2.3.32) h TeopeMbi 2.3.3 cjieflyeT 

dst-o{g o f)ix) ^ dst-i{g o f)ix) 
dx dx 

df{x) df{x) 

dsog{f{x)) dt-ofix) ^ dt.ifix) ds.ig{f{x)) 


(2.3.44) 


df[x) dx 

(2.3.33) cjieflyK)T na paseHCTBa (2.3.44). 


dx 


df{x) 


















rjiaea 3 


npoH3BO/],HaH BToporo nopH^KB OTo6pa:aceHHH 

D-ajire6pbi 


3.1. npoH3Bo;],HcLH BTopoFO nopHflKa OTo6pcLHceHHH Z?-ajire6pBi 


nycTb D - nojiHoe KOMMyTaTHBHoe KOJibn,o xapaKTepncTHKH 0. IlycTb A - ac- 
con,HaTHBHaa £)-ajire6pa. IlycTb 


I-.a^a 


4)yHKn,Ha, flHcJxjDepenpHpyeMaa no FaTO. Corjiacno aaMenannio 2.3.2 nponsBO^Haa 
FaTO HBjiaeTca OToGpajKenneM 

df : A ^ L{A-A) 

CorjiacHO TCopeMe [l]-6.2.5 n onpe^ejieHHio 2.2.8, MHoacecTBO C{A]A) aBjiaoTca 
6aHaxoBOH F)-ajire6poH. CjieflOBaTejiBHO, mbi mojkom paccMOTpeTb Bonpoc, aBaaoT- 
ca jm OToGpajKenne df ^ncJjcJjepeHpHpyeMbiM no Faio. 

CoraacHO onpefleaennio 2.3.1 


(3.1.1) {df o (x + 02 )) oai - {df ox) oai = d{df{x) o ai) o 02 + 02 ( 02 ) 


r^e 02 : A —>• £(A; A) 


- TaKoe nenpepbiBHoe OToGpajKenne, nTO 


lim 
02—>-0 


1102 ( 02)11 

I 02 I 


= 0 


Coraacno onpe^eaennio 2.3.1 OTo6pa}KenHe d{df{x)oai)oa 2 annenno no nepcMen- 
noH 02. Hs panencTBa (3.1.1) cae.ii,yeT, nTO OToGpaacenne d{df{x)oai)oa2 annenno 
no nepeMennoH oi. CaeflOBaTeatno, OTo6pa}KenHe d{df{x) o oi) o 02 Gnanneiino. 


OnPEflEJiEHHE 3.1.1. UoAUAUHeuHoe omo6paotceHue 

(3.1.2) d‘^f{x) o (oi; 02 ) = ° (ai; 02 ) = d{df{x) o oi) o 02 

HaaueaemcA npoH3BO/i;HOH FaTO BToporo nopH/i,Ka omo6paoKeHUA f. □ 


Samehahhe 3.1.2. CozAacHo onpedeAenum 3.1.1 npu aadauHOM x npouaeod- 
HUA Famo emopozo nopAdna d^f{x) G C{A,A]A). CAedoeamcA'bHo, npouseodnaA 
Famo emopozo nopAdKa omodpaotcenuA f ASAAemcA omodpaotceHueM 

d^ f : A ^ C{A, A; A) 

CozAacHO meopeMe fl]-4-.4-4! Atw mookem maKOHze paccMampueamb omodpaome- 
Hue 

d‘^f{x) o (ai (g) a 2 ) = d‘^f{x) o (ai;a 2 ) 
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3. IlpoHSBOflHaa BToporo nop^flKa OTo6pa»:eHH5i Z?-ajire6pbi 


Tozda 

d^f{x) e C{A ® A- A) 
d^f -.A ^ £{A(giA-,A) 

Mu 6ydeM noAtsoeambCfi mcM atce cumboaom Bar o6o3HaHeHUA omo6pam:eHUA, 
maK KaK no xapaKmepy apzyMenma acho o kukom omo6pacnceHuu udem pewb. □ 


Teopema 3.1.3. Mu MOMceM npedcmaeumb npouaeodnym Famo emopozo no- 
pAdna omoOpaMcenuA / e eude 

'c>lofix) dl^f{x) dl^fix) 


d^f{x) o (ai;a 2 ) = 


dx'^ 


dx'^ 


dx'^ 


, CTs O (ai;a2) 


dlof{x) , ^dlJix) ^ ^dl^fix) 

(Js(ai) —— (Js{a2)- 


OX^ OX^ 

Mu 6ydeM Ha3ueamt> eupacHceuue 

dipfix) 


dx^ 


dx"^ 


p = 0,l,2 


KOMnoHeHTOH npoH3BO/i;HOH FaTO BToporo nopH/i,Ka omo6pamceHUA f{x). 


^OKASATEJibCTBO. Cjie;i,CTBHe onpe^ejieHHH 3.1.1 h TeopeMbi [l]-6.6.6. □ 

Ho HH/i,yKn,HH, npeflnojiaraa, hto onpe^ejieHa npoHSBO^Haa FaTO no- 

pH/i,Ka n — I, Mbi onpe^ejiHM 


f (x^ 

( 3 . 1 . 3 ) d^f{x) o (ai;...; a„) = o (aii a„) 

= a(a”"V(a;)o(ai;...;a„_i))oa„ 

npoH3BO/i,Hyio FaTO nopn^Ka n OTo6pajKeHHH /. Mbi 6yppM Taic-Ke nojiaraTb 
d°fix) = fix). 


3.2. PHfl Teftjiopa 

IlycTb D - nojiHoe KOMMyxaTHBHoe Kojibpo xapaKTcpncTHKH 0. IlycTb A - ac- 
copHaTHBHaH Zl-ajire6pa. IlycTb pk{x) - OflHOHjien CTenenn fc, fc > 0, oflHoii nepe- 
MeHHOli nafl H-ajireGpoft A. 

OneBM/iHO, HTO o/iHOHjien cxenenn 0 HMeex bh/; ag, ag € A. flpsi fc > 0, 

Pkix) = pk-iix)xak 

r;i,e Ok G A. ^eftCTBHxejibHO, nocjieflHHii MHOHCHxejib oflHOHjiena pk{x) aBjiHexca 
anGo Ofe S A, anGo HMeex bh^ a;^, ^ > 1. B nocae^neM cayaae mbi noaoacHM 0^ = 1. 
MHOJKHxeab, npeflmecxByioniHH Cfc, HMeex bh;i, I > 1. Mbi MoaceM npe^cxaBHXb 
3XOX MHoacHxeab b BH^e x^~^x. Cae^OBaxeabHO, yiBepacflenne flOKasano. 

B aacxHOCxH, oflHOHaen cxenenn 1 HMeex BHflpi(x) = ooxai. 

He Hapymaa o6mHOCxH, mbi MoaceM noaoacHXb k = n. 

^■^Mbi nojiaraem 

dl.pfjx) _ dtpfjx) 
dx^ 


dxdx 













3.2. Teftjiopa 
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Teopema 3.2.1. /(jiji npouseoMHoeo m > 0 cnpaeedjiueo paeeHcmeo 
d"^{f{x)x) o {hi ]...; hm) = d'^f{x) o {hi,...] hm)x 
(3.2.1) + d"^~^f{x) o {hi]...] hm-i] hm)hi + ... 

+ d'^~^f{x) O {hi] ...] hm-l] hm)hm 

zde CUM 60 JI /i® osHauaem omcymcmeue nepeMennou /i® e cnucKe. 

flOKASATEJibCTBO. fljia m = 1 - 3T0 cjie^CTBHe paBCHCTBa (2.3.16) 
d{f{x)x) ohi = {df{x) o hi)x + f{x)hi 
^onycTHM, (3.2.1) cnpaBe/i,jiHBO m — 1. Tor.ii,a 

am-l! ^ . .u ^ 


'”®"V(a^) 0 (^i; ■ 


'^~'^f{x) 0 {hi] . 

^m—2; ^m —l)^l “t“ ■ 

•”®-2j(2.) 0 ^ 

—2; ^m —l)^m —1 


Tax KaK dhi = 0, to, nojiBsyacB paBencTBOM (2.3.16), nojiyanM 
(3.2.2) 


= d'^f{x) o 

{hi]... 

, —1; 

+ a”®-V(a;) 

0 {hi] 

hjyi—2i ^m —l)^m 

+ 5”®-V(a;) 

0 {hi] 

^m — h ^m)^l “1“ ■ 

+ d"^-~^f{x) 

0 {hi] 

hjyi—2i —1? 1 


PaBOHCTBa (3.2.1) h (3.2.2) OTjiHaaiOTCH tojibko (J^opMoii sanHCH. TeopeMa ,ii,OKa3a- 
na. □ 


Teopema 3.2.2. npouzeojibnoao n > 0 cnpaeedjiueo paeencmeo 

9”+V(^) = 0 

^ZJOKASATEJlbCTBO. TaK KaK po{x) = oq, uq G D, TO npH n = 0 TeopeMa 
HBjiaeTCH cae,ncTBHeM onpe;i,ejieHHa 2.3.1. IlycTB yTBepacflCHHe TeopeMbi sepno pflsi 
n — 1. CoraacHO TeopeMe 3.2.1, npa ycaoBHH f{x) = Pn-i{x) mbi HMecM 

d'^+^Pn{x){hi] ...] hn+l) =d"+^{pn-l{x)xan){hi] ...] hn+l) 

—^ 1 (^) (^15 • ■ •; ^n+1 )^^n 

+d^Pn-i{x){hi]...]h n] hn+l)hian + ... 
+d'^Pn-i{x){hi]...]h nj hn+l)^n+l(^n 

CoraacHO npe^noaojKeHHio unflyviufm Bce o,nHoaaeHBi paBHBi 0. □ 

Teopema 3.2.3. Ecjiu m < n, mo cnpaeedjiueo paeencmeo 

a>„(o) = 0 

,r(OKA3ATEJlbCTBO. /Jaa n = 1 cnpaBe,zi,aHBO paBcncTBO 

9Vi(0) = ooxoi = 0 
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3. IlpoHSBOflHaa BToporo nop^flKa OTo6pa»:eHH5i Z?-ajire6pbi 


/lonycTHM, yTBepjK^eHHe cnpaBe^jinBO ^jih n — 1. Tor^a corjiacno TeopeMe 3.2.1 

9 (Pn—1 ) (^15 ^m) — ^ Pn—l(^)(^l; 

“t” ^ Pn—l(^)(^l! ^m —li hjYi)hi(lji + ... 

“t“ Pn —l(^)(^l! ••■: —1? hjYi'jhjYiUji 

IlepBoe cjiaraeMoe paano 0 tbk kbk a; = 0. Tax kbk to— l<n—1, to ocTajiBHbie 
cjiaraeMbie paanbi 0 corjiacno npe/i,nojio>KeHHio HH/i,yKD,HH. yTBcpjKflCHHe TCopcMBi 
^OKaaano. □ 

EcJIH hi = ... = hn = h, TO MBI nOJIOJKHM 

5"/(a;) o /i" = a”/(a;) o ...; hn) 

3Ta sanHCb hc 6yfleT npHBOflHTb k HeoflHoaHaHHOCTH, Tax KaK no nncjiy apryMenTOB 
Hcno, o KaKoii (jDynKpnn n^CT pent. 

Teopema 3.2.4. npouaeojibHoao n > 0 cnpaeedjiueo paeeHcmeo 

d'^Pn{x) o /i" = n\pn{h) 

^OKASATEJlbCTBO. fljiH n = 1 cnpaBCfljiHBO panencTBO 

dpi{x) oh = d(aoxai) oh = aghai = \\pi{h) 

^onycTHM, yTBep}K.ii,eHHe cnpanefljiHBO ^jih n — 1. Tor^a corjiacno TCopcMe 3.2.1 

d^Pnix) oh^ = (a”p„_i(x) o h^)xan + o h'^-^)han 

+ ... + {d'^~^pn-i[x) o h'^-^)han 

IlepBoe cjiaracMoe panno 0 corjiacno TCopcMC 3.2.2. OcTajiantie n cjiaracMbix pan- 
nbi, H corjiacno npcflnojioJKennio HH.ii,yKn,HH ns panencTBa (3.2.3) cjie^CT 

d^'Pnix) oh = n(5”“Vn-i(a;) o h)han = n{n - l)!p„_i(/i)/ia„ = n!p„(/i) 
CjiCflOBaTCJibno, yTBepjKflenne TCopcMbi nepno fljin jiio6oro n. □ 

IlycTb p(x) - Mnoronjien CTcnenn n.^'^ 

p{x) = po + Phi (x) + ... + Pni„ (x) 

Mbi npeflnojiaracM cyMMy no HH/i,eKcy KOTopbiii nyMepycT cjiaracMbie CTenenii 
k. Corjiacno TCopcMaM 3.2.2, 3.2.3, 3.2.4 

d^p{0) ox = k\pki^{x) 

Cjie,zi,OBaTejibno, mbi mojkcm sanncaTb 

p{x) = Po + (l!)“^9p(0) o X + (2!)“^9^p(0) o + ... + (n!)“^9"p(0) o x" 

3to npe,ii,CTaBjieHHe Mnoronjiena nasbiBaeTca cJjopiviyjioH Teftjiopa mhofo- 
HJieHa. Ecjih paccMOTpcTb saMcny nepeMennbix x = y — PO) to paccMOTpennoe 
nocTpoenne ocTacTcn nepnbiM ,ii,jia Mnoronjiena 

p(y) = Po + Pbi (y - Po) + •■• + Pm„ (y - po) 

OTKy^a cjie;i,yeT 

p(y) =po+(i!)”^5p(yo)o(y-yo)+(2!)"^5^p(yo)o(y-yo)^+---+(»^!)”^5"p(yo)o(y-yo)” 

^■^51 paccMaTpHBaio 4>opMyjiy TeHJiopa ^jih MHoroHjiena no anajiorHH c nocTpoenneM 4>opMyjii>i 
Teiijiopa b [5], c. 246. 
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IIpeflnojiojKHM, HTO cjayHKpHH f{x) B TOHKe xo /i,H4)4)epeHn,HpyeMa b cmbicjib 
F aTO flo jiio6oro nopa^Ka.^'^ 

Teopema 3.2.5. EcJiu Oar ^yuKu^uu f{x) eunoAHsiemcH ycAoeue 
f{xo) = df{xo) oh = ... = d’^f{xo) o /i” = 0 

mo npu i —> 0 eupacHccHue f{x + th) ASAAemcA 6ecK0HeHH0 moaou nopAdna eume 
n no cpaeneHum c t 

f{xo+th) = o(r) 

^OKASATEJlbCTBO. IIpH n = 1 3T0 yTBep>KfleHHe cjie^yeT h 3 paBcncTBa (2.3.6). 
IlycTb yTBepjKflenae cnpaBe/i,jiHBO ^jia n — 1. fljia OTo6pa}KeHHa 

fi{x) = df{x) o h 


BbinojiHHexcH ycjiOBHe 


fi{xo) = dfi{xo) oh = ... = d^ Vi(a:o) o ^ = 0 
CorjiacHO npeflnojiojKenHio HH/i,yKn,HH 

fi{xo+th) = 

Tor^a paBencTBO (2.3.5) npHMeT bh^ 

o(r-^) = lim (t-^f{x + th)) 

t —^0, t^R 


Cae^oBaTeabHO, 


f{x + th) = o{f^) 


□ 


CocTaBHM MHoroajien 

p{x) = f{xo) + {ll)~^df{xo) o{x- Xo) + ... + (n!)"^i9”/(a;o) o (a; - xo)" 
CorjiacHO TeopeMe 3 . 2.5 

f{xo + t{x - Xo)) - p{xo + t{x - Xo)) = o(i”) 

Cjie^OBaTeabHO, nojinnoM p{x) aBjiaeTca xopoinefi anpoKCHMapneii OToGpajKenHH 

fix)- 

Ecah OTo6pa}KeHHe f{x) HMeeT npoHSBOflHyio FaTO jiioGoro nopa^Ka, to nepe- 
xo^ K npe^ejiy n —^ cxd, mbi noayaaM paaaoaceHHe b pa^ 

OO 

/(^) = '^i'^')~^9'^fixo) o(x- Xo)'^ 

n —0 

KOTopbiii HasBiBaexca paflOM Teftjiopa. 


^'^51 paccMaTpHBaio nocTpoenHe pa/^a Tefijiopa no anaaornH c nocTpoenneM p 5 i.i],a TcHjiopa b 
[ 5 ], c. 248 , 249 . 
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FjiaBa 5 


Ilpe^MeTHMH yKasaTejib 


A-hhcjio 6 

6aHaxoBa Z)-ajire6pa 9 

flH 4 ) 4 )epeHLi;Haji PaTO OTo 6 paxceHHH 12 

pjTPTHPT^HaH^ c4)epa b D-ajire6pe 9 

KOMnOHCHTa npOH3BO;],HOH PaTO 12 
KOMHOHeHTa npOH3BO;],HOH PaTO BTOpOrO 
nopHflKa 20 

HenpepBiBHoe OToSpa^CHHe 10 
HOpMa B D-ajire 6 pe 9 
HOpMa Ha KOJibii;e 7 
HOpMa OTOOpaHCCHHH 10 
HOpMHpoBaHHan Z)-ajire 6 pa 9 
HOpMHpOBaHHoe KOJibn;o 7 

OToOpanceHHe, ;],H4)4>epeHLi,HpyeMoe no Paxo 
11 

nojiHoe KOJibii;o 8 
nocjie^XOBaTejibHOCTb Kohih 8, 9 
npe;i;eji nocjieflOBaTejibHOCTH 7, 9 
npoH3Bo;i;HaH Paxo Bxoporo nopH;i;Ka 19 
npoH3Bo;i;HaH Paxo oxo6pa3iceHHH 11 
npoH3Bo;i;HaH Paxo nopH;],Ka n 20 

cxaH;],apxHaH KOMnoHeHxa npoH3Bo;i;HOH 
Paxo 12 

cxaH^apxHoe npe^cxaBJieHHe hpohbbo^hoh 
Paxo 12 

xonojiorHHecKaa D-ajire 6 pa 9 
xonojiorHHecKoe KOJibu;o 7 

4 )yHflaMeHxajibHaH nocjie;i;oBaxejibHOCXb 8 , 

9 
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FjiaBa 6 


Cnei],Hajit>Ht>ie chmeojibi h o6o3HaHeHHH 


dapf(x) „ 

- KOMnOHCHTa npOH3BO;],HOH i BTO 

dx 

OTo6pa^eHHH f(x) 12 

d%pf{x) 

- - — KOMnoneHTa npoHSBO^HOH Faxo 

dx^^ 

BToporo nopH^Ka OTo6pa»ceHHB: f{x) 
20 

df{x) npOH3Bo;],HaH Faxo oxoSpa^eHHH / 

11 
df(x) 


dx 


npoH3BOflHaH Faxo oxo6pa}«;eHHH / 


11 

d^f{x) npOH3BO/i;HaH Faxo nopH;],Ka n 20 
d^f{x) 


dx'^ 


npOH3BO/i;HaB: Faxo nopH;],Ka n 
oxoOpa^CHHH / ajireOpBi 20 


d‘^f{x) npOH3Bo;i;HaH Faxo Bxoporo 
nopHflKa 19 

d^f(x} ^ 

- - — npOH3BO/i;HaB: i axo Bxoporo 

dx^ 

nopH;],Ka oxoOpa^KBHHH / ajireOpbi 19 
dfix) 


dx 


o dx flH4)4>epeHi],Haji Faxo 


oxo6pa»ceHHH / 11, 12 

d^^fix) 


dx 


cxaH;],apxHaH KOMnoHOHxa 


npOH3BOAHOH Faxo 12 
II/II HOpMa OXOOpa^CCHHH 10 


lim an npe;i;eji nocjie;],OBaxejiBHOCXH 7 

n—^oo 
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